6. Derivatives Part 2

In this lecture, we will discuss

e Linear Approximation
o Review of linear approximationof f: R — R
o Linear approximation of f: R2 — R
= Formula Loy (2,) = £(a,0) + g5 (a,b) - (z — a) + 3 (a,0) - (y — D)
= Geometric Interpretation: Tangent Plane
o Linear Approximation of F : R™ — R"
e Properties of Derivatives
o Basic Properties of Derivatives

o Chain Rule
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Linear Approximation

Review: Linear Approximation of f : R — R

Let f : R — R be a differetiable function at a point a. Recall the linear appproximation or the linearization of f
ata:

Lo(z) = f(a) + f'(a)(z — a) (1)

Geometrically, L, represents the equation of the line tangent to the graph of f at a. It is written in point-slope
form: the pointis (a, f(a)), and f'(a) is the slope.

For example, let f(z) = v/z and a = 4.
o fA)=Vi=2 f(z)=1z12= 55 thus f/(4) = 1.
e SoLy(z) =2+ 1(z—4) =Ltz +1
e Usingthis, vV4.04 ~ L(4.04) = (1/4)(4.04) + 1 = 2.01

5

Li(z)==-2+1

0 1 2 3 4 5 6 7 8 9 10

e L,(z)is agood approximation to f(z) near a, i.e., the tangent line is a good approximation to the curve
y = f(z) neara.
e Recallitis a special case for the Taylor's thorem, which states

f(z) = f(a) + f'(a)(z — a) + Ry

where R5 is the remainder term.
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Linear Approximation of f : R?2 -+ R

¢ 1. Deriving the formula
Next, let's take a function f : R? — R differentiable at point a, with the notation x = (z,y) and
a = (a, b), we generalize the term f'(a)(z — a) in Eq (1) to Regnl( ‘(YOV”\ ]D?’?I//Uus Lodup

0 0 -
Df(a)(x — a) = a—i(a,b) a—z(a,b)} : B_,ﬂ Dj[@) S [%(a,by, %%(a,b)]
 of of
= %(a,b) (rx—a)+ B_y(a’b) (y—b) X-6 ~ [ K=o
Also, the generalized form of Eq (1), Lo (z) = f(a) + f'(a)(z — a), is Jg “b

La(z,y) = f(a) + Df(a)(x — a)

Therefore, we have

Lian(@9) = F(a,8) + 52 (@,0) (2 - ) + 5 (a,8)- (= ) 2

Example 1 Let f(z,y) = 1 — x? — 2y? and a = (1, 1). Find the linear approxmation of f near a.
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You can try to plot the image in Example 1 using Mathematica by typing the following code.

s W N -

Plot3D[{l - x"2 - 2 y*2, 4 - 2 x - 4 y}, {x, 0, 2}, {y, 0, 2},

PlotTheme -> "Scientific", PlotLegends -> "Expressions",

PlotStyle -> {Directive[Opacity[0.8], RGBColor[l, 0, 0]],
Directive[Opacity[0.8], blue]}]

e 2. Geometric Interpretation: Tangent Plane

o Geometrically, linear approximation represents the equation of a plane in R? (e.g., z = 4 — 2z — 4y
in Example 1).

o This plane has the point (a, b, f(a,b)) = (a, b, Ly (a, b)) in common with the graph of f, which is
called a tangent plane.

o Itis defined by the Eq (2): 2 = L4 )(z,y) = f(a,b) + %(a, b) - (x —a)+ g—;(a, b) - (y—b).

Z= Lm' b)(x, y) (a’ bo f(av b)) = (a; b' L(a, ,,)(a. b))

Sl

Figure 249 Linear
approximation L, p(x, v) of a
(a, b) function f(x, y) at (a, b).

Linear Approximation of F : R™ — R"
In general, let F : R™ — R" be differentiable at a.

Define the linear approximation L,(x) of F(x) at a or the linearization of F(x) at a

It is a good approximation of F near a.

La(x) = F(a) + DF(a)(x — a)
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Below are two exercises similar to some of our WebWork homework.
Exerecise 2. (Related to WebWork Q2)
Find the equation of the tangent plane to
z=e+y+1y°+10
at the point (0, 2, 21).
Answer. We have
z= f(x,y) = " +y+y* + 10.

The partial derivatives are

0
8_f = ewl(;p,y):(O,Z) = 1’
L 1 (2,)=(0,2)
and
of )
ay =143y, 0 = 13-
Oy (z,9)=(0,2) (2,9)=(0,2)

So the equation of the tangent plane is

Lian(@y) = £0,2) + 51 0.2) @0+ 5-0,2) - (v 2)

— 2=21+1(z—0)+13(y—2) =21 +z + 13(y — 2).

B expx) +y+y* + 10
B2l +x+13(y-2)
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Exercise 3. (Related to WebWork Q4)

Find the linearization of the function f(z,y) = 1/24 — 322 — 3y? at the point (—1, 2). Then use the linear
approximation to estimate the value of f(—1.1,2.1).

Answer.

We have f(z,y) = 1/24 — 322 — 3y = (24 — 322 — 3y?)"/?

The partial derivatives are

of _ 5z —1
Oz (zy)=(-12) \/_3532 —3y? + 24 (z,y)=(—1,2) ,
and
8y (z,y)=(—1,2) \/—3132 - 3y2 -+ 24 (z,y)=(—1,2)
So the equation of the tangent plane is
of of
L(a,b)(may) - f(_]-7 2) + %(_17 2) ' (33 - (_1)) + 8_y(_1’ 2) ’ (y - 2)

= z=3+1(z+1)—-2(y—2) =8+ —2y.
Thus

f(—-1.1,2.1) = 8 + (—1.1) — 2(2.1) = 2.7.
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Properties of Derivatives

Theorem 1. Properties of Derivatives

(a) Assume that the functions F', G : U C R™ — R" are differentiable ata € U. Then the sum F 4+ G and
the difference F — G are differentiable at a and

D(F + G)(a) = DF(a) + DG(a)

(b) If the function F : U C R™ — R" is differentiable at a € U and ¢ € Ris a constant, then the product cF
is differentiable at a and

D(cF)(a) = ¢cDF(a).

(c) If the real-valued functions f, g : U C R™ — R are differentiable ata € U, then their product fg is
differentiable at a and

D(fg)(a) = g(a)Df(a) + f(a)Dg(a).

(d) If the real-valued functions f, g : U C R™ — R are differentiable ata € U, and g(a) # 0, then their
quotient f/g is differentiable at a and

I\ (a) = 9@Df(a) - f(a)Dy(a)
D<g>() g(a)?

(e) If the vector-valued functions v, w : U C R — R" are differentiable at a € U, then their dot (scalar)
product v - w is differentiable at @ and

(v-w)'(a) = V'(a) - W(a) + v(a) - w'(a).

(f) If the vector-valued functions v, w : U C R — R3 are differentiable at a € U, their cross (vector) product
v X W is differentiable at @ and

(v x w)'(a) = v'(a) x w(a) +v(a) x w'(a)
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Example 4.

Let f(z,y,2) = zy + € and g(zx,y, 2) = y? sin 2. Use the product rule to compute D(fg)(0,1, ).

ANS - Ey {he Product Ple (Thi (<)), we have

@ng) (0,,m) = 5(0, |,m) Dj 0,1.7) + f(o,/,w)pjco, L)
Q@»H Df (x,ﬁ,Z): (:iix %*% %i? = (44 X 62)]
Dj (x, ﬁ;z): %% %—% %ﬂz]: [O 2‘3954? i’f&?&i]
Ths @ = X ;
Defg) (0, 157) = {5 [[ 0 €]+ ¢ [o0,0,-1]

= [@/ O/ -Qﬂj

/
Review of the Chain Rule for functions R — R \ 2
E’W\ (3x % X)J

Recall in calculus, we have the Chain Rule 3 S 6 + ]
=~ +X :
(fog)(z) = f'(9(z))d (z) (COS ( % )) ( )§3) )

Other notation: If y = f(u) and u = g(z), thatis, y = f(g(x)). We sometimes write the chain rule in the
following form

dy _dy du
dr du dz

The generalized chain rule is summarized in the following theorem.

Theorem 2 Chain Rule

Suppose that F : U C R™ — R" is differentiable ata € U,U isopenin R™, G; V C R" — RPis
differentiable at F(a) € V, Vis open in R", and F(U) C V (so that the composition G o F is defined). Then
G o F is differentiable at a and

D(G o F)(a) = DG(F(a)) - DF(a),

where - denotes matrix multiplication.
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Example 5. (Related to WebWork Q5) N 2
v:R— R ?@J;/R—%/Qs

Letr(t) = (e,e*,5), and g(t) = 2t — 3.

dr
—(g(t
Compute i (g( ))

ANS l?y Chon Rule, we hnow

j—b f(gvm): r’@b&)) §et)

We comlm-trz
Yit)= 4eb 2% 0>
Y’(Jm): <™ zel“”'”, 0
A(SO j(—b) = )

7ZLQ (2 d = / /
ofe £ T @)= rigen) g1
= ¢2et? 4™t 0
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Note we can use the Chain Rule to compute partial derivatives for composition of functions.

Example 6. (Related to WebWork Q6)
Let f(z,y,2) = zty® + 2, = = %3,y = s3¢,and 2 = s%t.

Use the Chain Rule to compute —f
s

Answer.

The generalized formula from Eq (4) we can use for this question is

of _9f o 0ioy 010z
ds Ox 0s Oy ds Oz Os

Let's first explain how we can use chain rule to derive the above equation:
3 2 3 .
ANg: ][:Q — R ot GR— K given "j
G (st) = <Xisd), Ysity, 260 2
= K217 824, SO

Cb’/lSI\CXQV‘ ‘UUZ, (,OYV\[)Déf‘J}OYl 9’r '“'\-Q' ’(MV\C/"W"S Ff owal C—,

{CGC&%)) ; /D\Z*bﬁa
l%] Choin Rm&, we hnow

Df6es)] = DA (6t DGast)
Whe Ye D.f-_[%_i %i %{é

N 3 X
1 RS 3
X dX ] :
and DG (:5 ..6 ) - o8 a,t Definition, Jacobian Matrix DF (x)
) -
By DF(x) we denote the n x m matrix of partial derivatives of the components of F evaluated at x (provid
a/g P that all partial derivatives exist at X ). Thus,
2 3 a— a% OF, . . OF oF,
Nole G- K =K S 7™ ™
EERNET g S . By
DF(x) oz 2 .
AN Q¢ 4 X2 .
— .

The matrix DF(x) has n rows and m columns {the number of rows Is the number of component functions ¢

Thins Dﬁ(& (sm)] = Df- DG Oy Oy . OB,

F, and the number of columns equals the number of variables)
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Exercise 7. (Related to WebWork Q10, Q8, Q7)
Let f(u,v) = sinucosv,and u = —2x? + 4y, v = 5z — 5y. Assume g(z,y) = (u(z,y),v(z,y)).
1. Compute the derivative matrix D(f o g)(z, y). (Leave your answer in terms of u, v, , y)
of of

2. Compute — and —.
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Exercise 8. (Related to WebWork Q9)

dz
If z= (x +y)eY andz = 6t andy = 1 — ¢, find e
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